Abstract: We experimentally demonstrate multiple generations of high-order orbital angular momentum (OAM) modes through third-harmonic generation in a 2D nonlinear photonic crystal. Such third-harmonic generation process is achieved by cascading second-harmonic generation and sum-frequency generation using the non-collinear quasi-phase-matching technique. This technique allows multiple OAM modes with different colors to be simultaneously generated. Moreover, the OAM conservation law guarantees that the topological charge is tripled in the cascaded third-harmonic generation process. Our method is effective for obtaining multiple high-order OAM modes for optical imaging, manipulation, and communications. 
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Introduction
Angular momentum is one of the most important fundamental physical quantities in both classical and quantum mechanics [1] , and can be divided into spin angular momentum (SAM) and orbital angular momentum (OAM) in paraxial beams [2] . SAM is associated with photon spin and OAM is linked to the spatial distribution of light. In 1992, Allen et al. reported that a helically phased beam comprising an azimuthal phase term, exp(ilφ), carries an OAM of l ћ per photon [3] . In contrast to the SAM, which has only two possible values of ± ħ , the theoretically unlimited values of l, in principle, provide an infinite range of achievable OAM states. High-order OAM modes are required in various applications, such as optical manipulation and trapping [4] [5] [6] , high-precision optical measurements [7, 8] , high-capacity free space, fiber-optical communications [9] [10] [11] , and in studies of fundamental quantum physics [12] [13] [14] [30] . In these nonlinear processes, the total OAM conservation of all interactive lights plays a very important role in the generation of high-order OAM states. For example, in a second-harmonic generation (SHG) process, the topological charge of the second-harmonic wave can be twice that of the fundamental beam [24] .
For nonlinear processes within crystals, quasi-phase matching (QPM) has the advantages of having effective nonlinear coefficients and no walk-off effect, in contrast to birefringence phase matching. Periodically poled crystals have been used to achieve efficient nonlinear conversion of OAM states through QPM [24, 27] [34, 35] . It is particularly noteworthy that cascaded nonlinear optical processes can also be efficiently realized in 2D NPCs. For example, third-harmonic generation (THG) was achieved through a cascade of SHG and sum-frequency generation (SFG) processes [36, 37] . In addition, multiple cascaded nonlinear optical processes were shown to simultaneously take place at different directions through collinear and non-collinear reciprocal lattice vectors in a 2D NPC [38] .
In this study, we report multiple generations of high-order OAM states through cascaded THG in a 2D NPC. The conservation law of OAM holds well in both the collinear and non-collinear cascaded THG processes. In the experiment, multiple blue OAM beams carrying a topological charge up to 12 were demonstrated. Higher topological charge can be achieved under our experimental configuration using cascaded high-harmonic generation. Our results may be useful for obtaining multiple high-order OAM modes for optical imaging, manipulation, and communications.
Experiment setup and theory
The sample in our experiment was a hexagonally poled LiTaO 3 crystal with a size of 10 mm (x) × 4 mm (y) × 0.5 mm (z), which was fabricated through a room-temperature electric-field poling technique. The period of the 2D structure was 9.3 d m μ = , and the total inverted area was about 30% of the overall sample. To find possible phase-matching processes, we used the reciprocal lattice [ Fig. 1(a) 
where the integers m and n represent the orders of the reciprocal vectors. Their directions can be collinear (for example, 1,0 G  in Fig. 1(a) ) or non-collinear (for example, 0,1 Fig. 1(a) ). A typical cascaded process in such a 2D NPC is THG, which can be achieved by cascading the SHG and SFG processes. Here, we assume that a fundamental beam with a frequency of 1 ω and an OAM of l 1 propagates along the y   direction of the 2D hexagonally poled LiTaO 3 crystal. The conservation of energy requires 2 1 2 ,
3 .
Here, 2 ω and 3 ω are the frequencies of the second-and third-harmonic waves, respectively. The phase-matching condition can be written as
Note that the direction of y  
The experiment setup is shown in Fig. 2(a) . The input fundamental field is generated by an optical parametric oscillator (Horizon 1-8572, Continuum Co.) pumped by a nanosecond laser system with a pulse width of about 6 ns and a repetition rate of 10 Hz. In the experiment, a Q-plate was used to imprint the OAM on the input fundamental beam, which was a half-wave plate fabricated by a birefringent liquid crystal with a space-variant optical axis in the transverse plane [21] . The geometry of the optical axis is defined by a topological charge 'q', which is an integer or semi-integer. When a circularly polarized light beam passes through such a Q-plate, an OAM of 2q is transferred into the beam. The first quarter-wave plate (QWP) was used to change the linear polarization (x axis) of the input fundamental light to a circular polarization. After passing the OAM information through the Q-plate, another QWP transforms the polarization back to a linear polarization along the z axis. Then, the fundamental wave with a known topological charge is focused onto the PPLT crystal along the y axis of the crystal. Under the experimental configuration, the nonlinear optical coefficient 33 d of the LiTaO 3 crystal was utilized, which was periodically modulated in the hexagonally poled LiTaO 3 crystal. A cylindrical lens was used as a mode converter to analyze the OAM information from the SHG and THG patterns. By counting the dark strips in the converted the pattern, one can obtain the topological charge of the OAM state [39]. 
Experiment result and discussion
In the experiment, the input fundamental beam was imprinted with an OAM of l 1 = 1, 2, 3, or 4. First, the input wavelength was set at 1362 nm. After filtering out the fundamental beam, the image of the SHG patterns was obtained, as shown in Fig. 3(a) . The two second-harmonic rings result from the non-collinear SHG process, which is phase-matched by the reciprocal vectors 0,1 Fig. 1(b) ]. Using the cylinder lens, the OAMs of the second-harmonic beam were l 2 = 2, 4, 6, and 8, which correspond to the input OAMs of l 1 = 1, 2, 3, and 4, respectively [ Fig. 3(b)-(e) ]. At this wavelength, the SHG is well phase-matched (i.e., 1 0 k Δ =  ); however, the QPM condition for the cascaded SFG process is not fulfilled (i.e., 2 k Δ  is far from 0). Therefore, a clear third-harmonic OAM beam was not observed at this input wavelength, even when the efficiency of SHG was high. We then tuned the input wavelength to 1384 nm to achieve THG OAM modes. Behind the sample, the distribution of the second and third harmonics was observed on the screen after filtering out the fundamental beam. There were five donut-shaped spots, which are shown in Fig. 2(b) ; three are blue and the other two are red, with the red spots located between the blue ones. In the experiment, we separately collected the images of the red spots and blue spots because the former were much stronger than the latter. The observed red spots are similar as the ones shown in Fig. 3(a) , which are produced by QPM SHG process with certain phase mismatch (i.e., 1 0 k Δ ≠  ). Although the conversion efficiency of SHG is relatively low, one can still produce substantial second-harmonic waves because the phase mismatch is partially compensated by the reciprocal vector. The second-harmonic beam can participate in the cascaded SFG process, which is well phase-matched (i.e., 2 0 k Δ =  ) at this wavelength. Typical blue spots observed are shown in Fig. 4(a) . The upper blue spot in Fig. 4(a) results from the THG through the cascading of the non-collinear SHG process with 0,1 G  and the non-collinear SFG process with 1,1 G  [ Fig. 1(c)] . Similarly, the lower blue spot in Fig. 4(a) is produced by using 0, 1 G −  for SHG and 1, 1 G −  for SFG. Interestingly, the middle blue spot in Fig. 4(a Fig. 1(c) ). The emission angle of the non-collinear third-harmonic beam is measured to be 6.0°, whereas that of the second-harmonic beam is 4.5°. The theoretical values calculated from Eqs. (4) and (5) are 5.7° and 4.3° for the third-and second-harmonic beams, respectively. The differences between the theoretical and experimental values can be attributed to measurement error and inaccurate dispersion equation.
Through the cylindrical lens, the OAMs of the third-harmonic beam are l 3 = 3, 6, 9, and 12, which correspond to l 1 = 1, 2, 3, and 4, respectively [ Fig. 4(b) -(e))]. Clearly, the OAM conservation law of l 3 = 3l 1 is well established to hold in such cascaded THG processes. The quality of the THG OAM mode in Fig. 4(a) is not perfect because the phase-matching wavelengths of the SHG and SFG processes in our experiment did not completely coincide. If a better NPC structure were designed and fabricated, the mode quality may be further improved. Figure 5 shows the conversion efficiencies of OAM SHG and THG with different input topological charges. The input energy of the fundamental pulse is kept to be 1.5 mJ. We achieved 1.5% conversion efficiency for SHG and 0.3% for THG with an input OAM of l 1 = 1. When increasing the input topological charge, the conversion efficiencies of both SHG and THG become lower. This can be explained by the OAM beam shape. For an OAM beam carrying a higher topological charge, the central dark area due to the phase singularity becomes bigger, which results in smaller power density and lower conversion efficiency. In addition, we found that the power dependences of second-harmonic and third-harmonic OAM beams on the fundamental power are similar to that with a Gaussian input beam, i.e., P SH . Here, P F , P SH and P TH are powers of the fundamental, second-harmonic and third-harmonic beams, respectively.
Conclusion
In conclusion, we experimentally demonstrated OAM conversion through THG in a 2D hexagonally poled LiTaO 3 crystal. THG was achieved by cascading the SHG and SFG processes through a QPM technique. Non-collinear reciprocal vectors play a vital role in compensating the phase mismatch between interacting waves. The OAM conversion law guarantees that the topological charge can be easily doubled or tripled in the SHG or THG process. Such a configuration can be further extended to cascaded high-harmonic generation to produce high topological charges. Our method provides an effective way to obtain multiple high-order OAM modes, which are important for applications in optical communications, imaging, and manipulation.
Funding
National Natural Science Foundation of China (NSFC) (91636106, 11621091, 11674171); National Basic Research Program of China (2016YFA0302500).
